We investigate Steiner's Porism in finite Miquelian Möbius planes constructed over the pair of finite fields GF(q) and GF(q 2 ), for an odd prime power q. Properties of common tangent circles for two given concentric circles are discussed and with that, a finite version of Steiner's Porism for concentric circles is stated and proved. We formulate conditions on the length of a Steiner chain by using the quadratic residue theorem in GF(q). These results are then generalized to an arbitrary pair of non-intersecting circles by introducing the notion of capacitance, which turns out to be invariant under Möbius transformations. Finally, the results are compared with the situation in the classical Euclidean plane.
Introduction
In the 19th century, the Swiss mathematician Jakob Steiner (1796-1863) discovered a beautiful result about tangent circles in the Euclidean plane, known as Steiner's Porism. One version reads as follows. Steiner thoroughly investigated such chains and found many nice properties. For example, he could prove that the tangent points of the circles T 1 , . . . , T k lie on a circle and that their centers lie on a conic whose foci are the centers of the initial circles B and B . He studied conditions for such a chain to close after k steps in terms of the radii and the distance between the centers of B and B . The interested reader can refer to [2] , [8] or [3] for more information on Steiner's original result. In recent years, some refinements and generalizations of Steiner's Porism were studied. For example, in [9] Steiner chains with rational radii are discussed, and in [1] a three-dimensional analogue of Steiner's Porism is presented.
Porisms in finite geometry have not been investigated to the same extent as in the Euclidean case. In particular, as far as we know, Steiner's Porism was not yet considered in finite Möbius planes. However, chains of touching circles with a different arrangement have been investigated in [10] .
Möbius planes consist of points ℙ and circles which satisfy three axioms. First, there needs to be a unique circle through three given points. Second, there exists a unique tangent circle through a point on a given circle and a point not on this circle. Finally, a richness axiom ensures that the plane is not trivial. More precisely, the three axioms read as follows.
(M1) For any three distinct elements P, Q, R ∈ ℙ, there exists a unique element g ∈ with P, Q, R ∈ g. (M2) For any g ∈ , P, Q ∈ ℙ with P ∈ g and Q ∉ g, there exists a unique element h ∈ such that P ∈ h and Q ∈ h, but for all R ∈ ℙ with R ∈ g, P ̸ = R, we have R ∉ h.
(M3) There are four elements P 1 , P 2 , P 3 , P 4 ∈ ℙ such that for all g ∈ , we have P i ∉ g for at least one i ∈ {1, 2, 3, 4}. Moreover, for all g ∈ there exists a P ∈ ℙ with P ∈ g.
In the present paper, we look at Steiner's Porism in Miquelian Möbius planes. They are the classical finite models for the Möbius axioms and are constructed over the finite field GF(q) of order q, where q is an odd prime power. The resulting plane is denoted by (q), the details are explained in the preliminaries. We start with two circles B a and B b with common center 0 and radii a and b. We look for conditions and properties of their potential common tangent circles. Concerning this question, we find the following: We are interested in finding a condition for the existence of Steiner chains, i.e. chains of circles T 1 , . . . , T k of the same radius which are tangent to both B a and B b and each T i , 1 ≤ i ≤ k is tangent to its neighbors in the chain.
In the classical Euclidean plane, conditions on the length of Steiner chains are well-known. For two circles with a common center and radii 1 and R, one can construct a Steiner chain of length k ≥ 3 which wraps w times around the smaller circle, if and only if
where φ = wπ k . In particular, for every k ≥ 3 a Steiner chain of length k can be constructed. We ask for such conditions in the finite case and obtain the following result: In the last section, we introduce the notion of capacitance for a pair of circles and prove that this quantity is invariant under Möbius transformations. This fact allows to formulate a criterion for the existence of proper Steiner chains of length k for an arbitrary pair of non-intersecting circles. Finally, the results are compared to the conditions on Steiner chains in the Euclidean plane.
Preliminaries
We describe an explicit construction of finite Miquelian Möbius planes using finite fields. For that we need to recall some properties of finite fields GF(q), where q is an odd prime power.
An element a ∈ GF(q) is called a square in GF(q) if there exists some b ∈ GF(q) with a = b 2 . All other elements in GF(q) are called nonsquares in GF(q). Exactly half of the elements in GF(q) \ {0} are squares. Note that the squares of GF(q) form a subgroup of GF(q), but the nonsquares do not. In particular, multiplying two nonsquares in GF(q) gives a square and multiplying a square and a nonsquare in GF(q) gives a nonsquare.
For any nonsquare δ in GF(q), we can construct an extension field of GF(q) by adjoining some element α with α 2 = δ to GF(q). The elements in the extension field GF(q)(α) are of the form x + αy for x, y ∈ GF(q). Note that all elements of GF(q) are squares in GF(q)(α). To see this, take some element x ∈ GF(q). If x is a square in GF(q), it is clearly a square in GF(q)(α) as well. If x is a nonsquare in GF(q), then δx is a square in GF(q) and hence δx = y 2 which leads to x = α −2 y 2 , i.e. x is a square in GF(q)(α).
Since GF(q)(α) is isomorphic to any field with q 2 elements, we denote it by GF(q 2 ).
For z ∈ GF(q 2 ) define the conjugate element of z = x + αy over GF(q) by
Note that z = z if and only if z ∈ GF(q). Define the trace of z over GF(q) by
and the norm of z over GF(q) by
We omit the subscript GF(q 2 )/ GF(q) for notational convenience. Recall that Tr(z) and N(z) are always in GF(q), but unlike with the complex numbers N(z) can be a nonsquare. Furthermore, z 1 + z 2 = z 1 + z 2 and z 1 z 2 = z 1 z 2 . For more background on finite fields see [7] . We now describe the finite Miquelian Möbius plane constructed over the pair of finite fields GF(q) and GF(q 2 ). This plane is denoted by (q) and q is called the order of (q). The q 2 + 1 points of (q) are the elements of GF(q 2 ) together with a point at infinity, denoted by ∞. We distinguish two different types of circles. For circles of the first type, we consider solutions of the equation N(z − s) = c, i.e.
for s ∈ GF(q 2 ) and c ∈ GF(q)\{0}. It can easily be seen that there are q + 1 points in GF(q 2 ) on every circle (1). Moreover, there are q 2 (q − 1) circles of the first type. For circles of the second type, we consider the equation
for s ∈ GF(q 2 )\{0} and c ∈ GF(q). For every such choice of s and c, Equation (2) has q solutions in GF(q 2 ). To obtain circles of the second type, we take those q solutions together with ∞. There are (q 2 − 1)q choices for s and c, but scaling with any element of GF(q)\{0} leads to the same circle. Hence there are q(q + 1) circles of the second type. There are q 3 + q circles in total and on each circle there are q + 1 points. This can also be seen by (M1), as three points uniquely define a circle. Now let a, b, c, d ∈ GF(q 2 ) such that ad − bc ̸ = 0. The map μ defined by
is called a Möbius transformation of (q). Every Möbius transformation is an automorphism of (q). A Möbius transformation of the form μ(z) = 1/z is an inversion in the unit circle zz = 1, which means that the unit circle is fixed under μ. Möbius planes in which for every circle there exists an inversion are called inversive Möbius planes. In [4] it is shown that the finite inversive Möbius planes are exactly the finite Miquelian Möbius planes. Note that the group of all Möbius transformations is sharply triply transitive, i.e. there is a unique Möbius transformation mapping any three points into any other three given points. For more background information on finite Möbius planes, one can refer to [5] .
Steiner's Theorem in (q)
For a circle of the first type B 1 (s,c) , we refer to s as the center of B 1 (s,c) , and c is the square of the radius. Note that the radius, which is either square root of c, is not necessarily an element of GF(q). Two circles of the first type are called concentric, if they have the same center. Without loss of generality, we can assume that two concentric circles have center 0, since the Möbius transformation μ : (q) → (q) with μ(z) = z − s maps any two concentric circles with center s to two concentric circles with center 0. In this section we henceforth consider two concentric circles with center 0, i.e. circles B 1 (0,a) and B
for all a ∈ GF(q) \ {0}.
To obtain more insight into the geometrical properties of the circles, we use Cartesian coordinates in this section, where z = x + αy represents the point (x, y) andz the point (x, −y). The circle B a 2 is then given by
where δ is a nonsquare in GF(q). Any such circle intersects the x-axis, i.e. the circle of the second type given by y = 0, in the two points (±a, 0). Now consider the unit circle B 1 given by x 2 − δy 2 = 1 and the point (1, 0). It is an easy exercise to show that there are exactly two circles which are tangent to both B 1 and B a 2 in the point (1, 0). The first circle has center ( Now consider any (q + 1)th root of unity P, i.e. an element in GF(q 2 ) which satisfies P q+1 = 1. Since PP = P q+1 , the rotation given by z → Pz fixes both circles B 1 and B a 2 . Moreover, this rotation is a Möbius transformation and hence takes common tangent circles of B 1 and B a 2 again into common tangent circles of B 1 and B a 2 . In particular, there are two circles tangent to B 1 at the point P that are also tangent to B a 2 , one in the point aP and the other in the point −aP. Note that we use the parameter a 2 as subscript, as we need it to be a square in GF(q) for the circles B 1 and B a 2 to have common tangent circles.
For a ∈ GF(q) \ {0}, let τ(a) := {g ∈ : |B a ∩ g| = 1}
denote the set of all tangent circles of B a and
the set of all common tangent circles of B a and B b . The following lemma summarizes what we just discussed.
The 2(q + 1) common tangent circles of B 1 and B a 2 partition into two sets. Let P again be a fixed (q + 1)th root of unity. There is one set of q + 1 common tangent circles with radius a−1 2 and tangent to B 1 in the points P j and tangent to B a 2 in the points aP j , for j = 0, . . . , q. The other q +1 common tangent circles of B 1 and B a 2 have radius a+1 2 and are tangent to B 1 in the points P j and tangent to B a 2 in the points −aP j , for j = 0, . . . , q. Now we want to construct Steiner chains using the common tangent circles of two concentric circles B 1 and B a 2 . Note again that the following discussion already covers all cases for two concentric circles B a and B b with a, b ∈ GF(q); to see this, look at the Möbius transformation μ(z) = z/η for η ∈ GF(q 2 ) such that ηη = a. Note that such an η always exists by the properties of the norm map. Then μ maps the circles B a and B b to B 1 and B b/a , respectively.
A Steiner chain of length k ≥ 3 for B 1 and B a 2 is a chain of k different circles c) . Note that all these circles T i have the same radius, only their centers are shifted. One could define degenerate Steiner chains as well by allowing circles with different radii. In this case, we always obtain a degenerate chain for B 1 and B a 2 by considering Proof. We start with two such common tangent circles T 1 and T 2 of B 1 and B a 2 with the same radius and |T 1 ∩ T 2 | = 1. For some root of unity P, the rotation z → Pz takes the pair (T 1 , T 2 ) to the pair (T 2 , T 3 ), which is again a pair of common tangent circles of B 1 and B a 2 which are tangent to each other. We can repeat this rotation k times, for k a divisor of q + 1 and see that we finally end up with the pair (T k , T 1 ), which is a pair of common tangent circles of B 1 and B a 2 with |T 1 ∩ T k | = 1. In other words, we just constructed a Steiner chain of length k.
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Now we obtain our finite version of Steiner's Theorem. Proof. This is immediate by using again a rotation by a root of unity. 
The plane (5)
We have a closer look at the Möbius plane (5) constructed over GF(5)(α) with α 2 = 3, as described in the preliminaries. Consider the two circles 
Note that T 1 is tangent to B 1 in 1 and tangent to B 4 in 2. Next, consider T 2 , which is tangent to B 1 in 3 + 4α and tangent to B 4 in 1 + 3α. Note that T 1 and T 2 only intersect in 3 + 3α, i.e. they are tangent. Having a closer look at T 2 , we see that only two of the 12 circles above are tangent to T 2 in points not on B 1 or B 4 , namely T 1 , which we already considered, and T 3 , which is tangent to T 2 in α. Apparently, from now on, there is a unique way of constructing a chain of common tangent circles of B 1 and B 4 . Proceeding, we find that T 4 is tangent to T 3 in 2 + 3α. Then T 5 is tangent to T 4 in 2 + 2α. Finally, we find that T 6 is tangent to T 5 in 4α and also T 1 is tangent to T 6 in 3 + 2α, which closes the chain of circles.
Note that those six tangent points lie on a circle itself, namely on
Summarizing, we denote this chain by
Note that for the above chain, we only use six out of the twelve common tangent circles of B 1 and B 4 , so let us start with a tangent circle not used so far, e.g. T 7 . We find the chain
Again, the six tangent points form a circle, namely
We proceed from here and look at the circles through two consecutive (where the order is defined by the chain before) points of B 1 and the corresponding tangency point on B 2 . We obtain six new circles, which are all tangent to B 2 , given by
These six circles form a chain of tangent circles as well. Moreover, there is a unique circle, apart from B 2 , which is tangent to all of those six new circles, namely B 3 .
We can perform the same procedure once more, i.e. we consider circles through two consecutive points on B 3 and the corresponding tangency point of the chain in consideration. We obtain six common tangent circles of B 1 and B 4 , i.e. we have two chains including all twelve common tangent circles of of B 1 and B 4 . 
Existence and length of Steiner chains
In what follows, we are mainly interested in the existence of Steiner chains as well as their possible lengths. 
Reflecting the point 1 at the line through 0 and Q gives indeed the formula for P in (3). If −a is a square in GF(q), then P lies in GF(q). Since 1 and −1 are the only elements in GF(q) on B 1 , we need −a to be a nonsquare in GF(q).
Theorem 4.2. Let B 1 and B a be circles of (q). If q ≡ −1 (mod 4), exactly one Steiner chain can be constructed with B 1 and B a . If q ≡ 1 (mod 4), then either two or zero Steiner chains can be constructed with B 1 and B a , depending on whether or not a is a square in GF(q).
Proof. In the proof of Lemma 4.1 we have seen that for −a a nonsquare, a Steiner chain can be constructed starting with the circle B 
)
2 . Of course, the whole proof can be done replacing a by −a. For q ≡ −1 (mod 4), a is a square if and only if −a is a nonsquare, and hence exactly one Steiner chain can be constructed. For q ≡ 1 (mod 4), a is a square if and only if −a is a square. Therefore, we can construct either two Steiner chains or none.
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Before we state our general result about the length of a Steiner chain, we discuss some specific cases for (q) in detail. First we give a criterion for Steiner chains of length 3. Proof. By Lemma 4.1 we know that −a has to be a nonsquare in GF(q). Moreover, if −a is a nonsquare in GF(q), we can find two circles in τ(1, a 2 ) which are tangent to B need to be tangent. So we need P 3 = 1, or similar P 2 = P (see Figure 4) .
Solving this equation for a leads to a = 7 + 4 √ 3. This is possible only if 3 is a square in GF(q). It is wellknown (see for example [6] ) that 3 is a square in GF(q) only if p ≡ ±1 (mod 12), which gives a necessary condition for q.
Note that this already excludes the existence of a Steiner chain of length 3 in (5). Indeed, we have seen in Section 3 that only Steiner chains of length 6 occur for two concentric circles in (5).
In (11), however, we can find Steiner chains of length 3. For this, we calculate that a = 7 + 4 √ 3 is 5 or 9 in GF(11). Moreover, −5 = 6 as well as −9 = 2 are nonsquares in GF(11). So Steiner chains of length 3 can be constructed for B 1 and B 3 as well as for B 1 and B 4 . in τ (1, a 2 ) , which are tangent to B 1 (s,c) with P given by (3) . For a Steiner chain of length 4, we need P 4 = 1 or similar, P 2 = −1 (see Figure 5) . Solving this equation for a gives a = 3 + 2 √ 2. This is possible only if 2 is a square in GF(q). Again by [6] , this implies that q = p m for some prime p ≡ ±1 (mod 8).
Let us have a look at (7). We calculate that a = 3 + 2 √ 2 is 2 or 4 in GF(7). Moreover, −2 = 5 as well as −4 = 3 are nonsquares in GF (7) . So Steiner chains of length 4 can be constructed for B 1 and B 2 as well as B 1 and B 4 . Note that 1, 2 and 4 are the only squares in GF (7), hence only Steiner chains of length 4 can be constructed using B 1 and B b . Moreover, 2 is not a square in GF(11), so in (11) there are no Steiner chains of length 4.
Similarly we obtain a criterion for Steiner chains of length 6. This criterion is different from the criterion for Steiner chains of length 3 and 4, since no square root appears in the expression for a above.
By Theorem 2.3 the existence of a Steiner chain of length 6 in (q) implies that 6 divides q + 1. For p prime, the condition 6 | p + 1 is actually equivalent with −3 being a nonsquare in GF(p), which can be seen by number theoretic calculations only. Note that in (5), this gives 3 2 = 4 = 3 −2 , i.e. only for B 1 and B 4 a Steiner chain of length 6 can be constructed. Compare these results also to Section 3.
Now we look at the conditions for Steiner chains of length 5 and 8. The expressions for a become more and more difficult, since equations of higher order need to be solved. In particular, for Steiner chains of length 5 we need to solve P 5 = 1, and for Steiner chains of length 8 we need to solve P 4 = −1. and −a is a nonsquare in GF(q).
We know that if 5 is a square in GF(q), then q = p m for some prime p ≡ ±1 (mod 5), which gives a necessary, but not sufficient condition for the existence of Steiner chains of length 5. 
and −a is a nonsquare in GF(q).
Note that 2 has to be a square, similar to the condition for Steiner chains of length 4. This is not surprising, since 8 is a multiple of 4. Now we are ready to give a condition for Steiner chains of length k ≥ 3. (1) −a is a nonsquare in GF(q);
(2) a solves the equation P k = 1 where P is given by
Proof. Assume that there exists a Steiner chain of length k. By Lemma 4.1, −a has to be a nonsquare in GF(q) to obtain two circles B (1, a 2 ) which are tangent, we end up with a proper Steiner chain. Moreover, the length of the Steiner chain is then given by the smallest integer k such that P k = 1, i.e. we are back at the starting point. Now assume that the above three conditions are satisfied. Since −a is a nonsquare, we can apply Lemma 4.1 to obtain a Steiner chain. Since k is by assumption such that P k = 1 but P l ̸ = 1 for all 1 ≤ l ≤ k − 1, the length of the Steiner chain is indeed k.
Generalization
Two disjoint circles in (q) define a non-intersecting pencil. Such a pencil consist of q − 1 circles and two limiting points. A Möbius transformation that sends the limiting points to 0 and ∞, and a point on one of the given circles to 1, will take the given circles to a pair of circles centered at 0, one of which is describes by zz = 1 (see [4] , [5] for details, and Section 5.2). This is the same procedure as in the usual proof of Steiner's porism in the classical Möbius plane. It allows, also in (q), to transform a general pair of disjoint circles into the standard pair treated in the previous sections, and to apply the corresponding results. However, it is convenient, also from a computational point of view, to skip the transformation step, and to apply the results in the previous theorems directly to a given pair of disjoint circles. This is done by introducing a Möbius invariant for arbitrary pairs of circles.
A Möbius invariant for pairs of circles
In the Euclidean plane two non-intersecting circles form a capacitor. The capacitance is a conformal invariant and therefore in particular invariant under Möbius transformations. Here we present a discrete analogue of this fact which will be used later to decide whether any two non-intersecting circles carry a Steiner chain of length k.
The capacitance associates an element of GF(q) to any pair of circles in (q) and is defined as follows: It turns out that this quantity is indeed invariant under Möbius transformations: Proof. It is easy to check that cap is invariant under translations z → ζ = z + a, a ∈ GF(q 2 ) and similarity transformations z → ζ = bz, b ∈ GF(q 2 ) \ {0}. The only tedious part of the proof is to check that cap is invariant under the reciprocation μ : z → ζ = 1/z, since in this case circles may change from first type to second type and vice versa: It is elementary to check that 
We only carry out the invariance proof for one prototypical case of two circles B 
where we have used s 1s 1 = c 1 . On the other hand, cap(μ(B 
again since s 1s 1 = c 1 . Obviously, the expressions in (5) and (6) agree. The other cases are similar.
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In a next step we show that, as it is the case in the classical Möbius plane, it is possible to transform any two non-intersecting Möbius circles into concentric circles. Proof. By axiom (M2), for a point P on B and any other point Q not on B, there is a unique circle tangent to B through P and Q. There are q 2 + 1 points in total and q + 1 points on B. So for any of the q 2 − q points not on B, there is such a unique circle through a given point P on B. Since there are q + 1 points on every circle, exactly q of these tangent circles are the same. This can be done for every point on B, which leads to (q + 1)(q 2 − q)/q = q 2 − 1 circles which are tangent to B.
Transformation of non-intersecting circles into concentric circles
For the circles intersecting B, note that by axiom (M1) there is a unique circle through two points on B and any other point not on B. So for two fixed points on B, there are q 2 −q q−1 = q circles intersecting B in those two points. This can be done for any pair of points on B, which leads to 1 2 q 2 (q + 1) circles which intersect B. Since there are q(q 2 + 1) circles in total, the number of circles disjoint to B is given by Proof. Recall that Möbius transformations act sharply triply transitively. So for {P 1 , P 2 , P 3 } on the unit circle zz = 1, there are ( Similarly, μ 2 maps the unit circle to itself whenever bb = 1, so there are q + 1 such transformations. Since (q 3 − 2q − 1) + (q + 1) = q 3 − q, these are indeed all such transformations. Proof of Theorem 5.2. There are q − 2 circles concentric to zz = 1, namely all those circles zz = c for c = 2, . . . , q − 1. We now apply all the Möbius transformations, which map the unit circle to itself, to those concentric circles.
Note that every image occurs exactly 2(q + 1) times. To see this, consider first the circle zz = c for c ∈ {2, . . . , q − 1} fixed. Clearly, μ 1 for choosing a = 0 maps zz = c to zz = c, for all bb = 1. Moreover, applying μ 2 to zz = 1 c gives zz = c as well, for all bb = 1. Since for any other choice of a in μ 1 , the center of zz = c is translated, the circle zz = c occurs 2(q + 1) times when applying all q 3 − q Möbius transformations μ 1 and μ 2 described above to zz = c. Similarly we can be proceed for other circles (z − s)(z − s) = c.
So we apply the q 3 − q Möbius transformations to the q − 2 circles concentric to zz = 1. Every image occurs 2(q + 1) times, i.e. we get (q − 2)(q 3 − q) 2(q + 1) = 1 2 (q 3 − 3q 2 + 2q) circles, which is by Lemma 5.3 exactly the number of circles disjoint to zz = 1.
General criterion for Steiner chains
Let B andB be non-intersecting circles in (q). As we have seen in Section 5.2, it is possible to transform them into μ(B) = B 
but P l ̸ = 1 for 1 ≤ l ≤ k − 1. 
Comparison to the Euclidean plane
For the construction of a Steiner chain, we needed −a to be a nonsquare in GF(q). So we rewrite P as
